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Abstract 

We give a complete description of all self-injective artin algebras 
of infinite representation type whose component quiver has no short 
cycles. 



1 Introduction and the main result 

Throughout the paper, by an algebra we mean a basic, connected, artin 
algebra over a commutative artinian ring k. For an algebra A, we denote 
by mod A the category of finitely generated right A-modules and by indA 
the full subcategory of mod A given by the indecomposable modules. An 
algebra A is called self-injective if Aa is an injective module, or equivalently, 
the projective and injective modules in mod A coincide. A prominent class 
of self-injective algebras is formed by the orbit algebras B/G, where B is 
the repetitive category of an algebra B and G is an admissible group of 
automorphisms of B. 
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An important combinatorial and homological invariant of the module cat- 
egory mod A of an algebra A is its Auslander-Reiten quiver = r(modyl). 
It describes the structure of the quotient category mod A/ radj^, where rad^ 
is the infinite Jacobson radical of mod A. By a result of Auslander |4j , A is 
of finite representation type if and only if rad^ = 0. Recall that A is said to 
be of finite representation type if mod A admits only finitely many pairwise 
non-isomorphic indecomposable modules. 

In general, it is important to study the behavior of the components of 
in the category mod A. Following [33], a component C of Ta is called 
generalized standard if rad°°(X, y) = for all modules X and Y in C. It 
has been proved in [33] that every generalized standard component C of Ta 
is almost periodic, that is, all but finitely many r^-orbits in C are periodic. 
Moreover, by a result of [13], the additive closure add(C) of a generalized 
standard component C of Ta is closed under extensions in mod A. A com- 
ponent of Fa of the form T^Aoo/ (ta), where r is a positive integer, is called 
a stable tube of rank r. We note that, for A self-injective, every infinite, 
generalized standard component C of Ta is either acyclic with finitely many 
T/i-orbits or is a quasi-tube (the stable part of C is a stable tube). Follow- 
ing [32j, a component quiver of an algebra A has the components of F^ 
as the vertices and two components C and D of Ta are linked in by an 
arrow C ^ V ii rad^(X, F) 7^ for some modules X in C and Y in V. In 
particular, a component C of Ta is generalized standard if and only if has 
no loop at C. By a short cycle in we mean a cycle C — )■ P — )■ C, where 
possibly C = v. We also mention that by a result in [16] the component 
quiver of a self-injective algebra A of infinite representation type is fully 
cyclic, that is, any finite number of components of F^ lies on a common cycle 
in S^. 

For a field k of characteristic different from 2, the exceptional tubular 
algebra B^x is the tubular algebra of the tubular type (2,2,2,2), which is 
given by the following ordinary quiver 




and the relations (a = 777, /ia = 077, (a = rjP and /io" = —uj(3. Moreover, 
an automorphism of the exceptional tubular algebra Bg^ is said to be 
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distinguished if ^{''y) = aa, f{<j) = &7, V^(/3) = ca, ip{a) = df3, f{fi) = er], 
(p{rj) = r/i, = u( and ip{() = vu for a, b, c, d, e, r, u, v & k \ {0} 

satisfying the following relations dv = —ar, de = au, bv = cr and be = —cu. 
In fact, a = 6 = f , e = -f^, for c,d,r,u,vek\ {0}. 

The aim of the paper is to prove the following theorem characterizing the 
class of representation-infinite self-inject ive artin algebras whose component 
quiver contains no short cycles. 

Theorem 1.1. Let A he a basic, connected, self-injective artin algebra of 
infinite representation type over an artinian ring k. The following statements 
are equivalent. 

(i) The component quiver has no short cycles. 

(a) k is a field and A is isomorphic to an orbit algebra B/G, where B is 
a tilted algebra of Euclidean type or a tubular algebra over k and G is 
an infinite cyclic group of automorphisms of B of one of the following 
forms: 

(a) G = {(pu'^), for a strictly positive automorphism (p of B, 

(b) G = {fi^g), for an exceptional tubular algebra B and a rigid auto- 
morphism (p of B, whose restriction to B is a distinguished auto- 
morphism of B, 

where is the Nakayama automorphism of B. 

The assumptions of the theorem imply that the module category mod A 
of A contains no infinite short cycles and every component C in has no 

external short paths. By a short cycle in mod A we mean a sequence M — )• 
iV A M of non-zero non-isomorphisms between indecomposable modules 
in mod A [26], and such a cycle is said to be infinite if at least one of the 
homomorphisms f or g belongs to rad^. Moreover, following [25], by an 
external short path of a component C of we mean a sequence X — > F — > Z 
of non-zero homomorphisms between indecomposable modules in mod A with 
X and Z in C but Y not in C. 

The paper is organized as follows. In Section 2 we recall the essential back- 
ground. In Section 3 we show that every automorphism of non-exceptional 
tubular algebra fixes a point. Finally, Section 4 is devoted to the proof of 
the Theorem II. 1[ 
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For a basic background on the representation theory of algebras apphed 
in the paper we refer to the books [2], [27], [22], [20], [12] and to the survey 
articles [23], [37] and [H]. 

2 Preliminaries 

Let A be an artin algebra over a commutative artin ring k. We denote by 
Ta the Auslander-Reiten quiver of A. Recall that Ta is a valued transla- 
tion quiver whose vertices are the isomorphism classes {X} of modules X in 
indA, the valued arrows of Ta describe minimal left almost split morphisms 
with indecomposable domain and minimal right almost split morphisms with 
indecomposable codomain, and the translation is given by the Auslander-Re- 
iten translations ta = DTr and t^^ = TrD (see [121 Chapter III] for details). 
We will identify vertices of Ta with the corresponding indecomposable mod- 
ules and by a component in Ta we mean a connected component. Let C be 
a family of components of Ta- Then C is said to be sincere if any simple 
A-module occurs as a composition factor of a module in C, and faithful if its 
annihilator a.nn a{C) in A (the intersection of the annihilators of all modules 
in C) is zero. Observe that if C is faithful, then C is sincere. Moreover, the 
family C is said to be separating in mod A if the indecomposable modules in 
mody4 split into three disjoint classes V^, = C and such that: 

(51) is a sincere generalized standard family of components; 

(52) HomA(Q^,P^) = 0, HomA(Q^,C^) = 0, HomA(C^,P^) = 0; 

(53) any homomorphism from to factors through the additive cate- 
gory addC^ of C^. 

Moreover, a separating family = {Cf)ii=i is strongly separating if 

(54) any homomorphism from to factors trough the additive category 
addCf, for any i G I. 

Let A be a canonical algebra in the sense of Ringel [27] (and [2H])- Then 
the quiver Q\ of A has a unique sink and a unique source. Denote by Q\ 
the quiver obtained from Qa by removing the unique source of Q\ and the 
arrows attached to it. Then A is said to be a canonical algebra of Euclidean 
type (respectively, of tubular type) if Q\ is a Dynkin quiver (respectively. 
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a Euclidean quiver). The general shape of the Auslander-Reiten quiver T\ 
of A is as follows: 

Ta = V V Q^, 

where is a family of components containing a unique preprojective com- 
ponent 'P(A) and all indecomposable projective A-modules, is a family 
of components containing a unique preinjective component Q(A) and all in- 
decomposable injective A-modules, and is an infinite family of pairwise 
orthogonal, generalized standard, faithful stable tubes, separating from 
Q^, and with all but finitely many stable tubes of rank one. An algebra C 
of the form EndA(T), where T is a multiplicity- free tilting module from the 
additive category add(P^) of is said to be a concealed canonical algebra 
of type A ([2n])- More generally, an algebra B of the form EndA(T), where T 
is a multiplicity-free tilting module from the additive category add('P^ UT'^) 
of U is said to be an almost concealed canonical algebra of type 
A [2lJ. An almost concealed canonical algebra B of a tubular type is called 
a tubular algebra. Recall that a tubular algebra B may be obtained as a tubu- 
lar branch extension of a concealed algebra of Euclidean type(see [27] and 
[25]). Moreover, an almost concealed canonical algebra of Euclidean type 
is a representation-infinite, tilted algebra of Euclidean type for which the 
preinjective component contains all indecomposable injective modules (see 
[27]). 

For an algebra A, we denote by D the standard duality B.omk{—,E) on 
mod A, where ii^ is a minimal injective cogenerator in mod k. Then an algebra 
A is self -injective if and only if A = D(y4) in mod A. 

Let A be a self-injective algebra and 1a = {cj | 1 < i < s} a com- 
plete set of pairwise orthogonal primitive idempotents of A whose sum is 
the identity 1^ of A. We denote by z/ = z/^ the Nakayama automorphism 
of A inducing an A — A-bimodule isomorphism A = D(A),^, where D{A)^ 
denotes the right A- module obtained from D(y4) by changing the right op- 
eration of A as follows: f ■ a = fi^ia) for each a & A and / G 0(^4). Hence 
we have soc{h'{ei)A) = top{eiA) (= CiA/ rad^CiA)) as right A-modules for all 
i G {1, . . . , s}. Since {i'{ei)A | 1 < z < s} is a complete set of representa- 
tives of indecomposable projective right A-modules, there is a (Nakayama) 
permutation of {1, ... , s}, denoted again by z/, such that i'{ei)A = eu{i)A for 
alH G {1, . . . , s}. Invoking the KruU-Schmidt theorem, we may assume that 
v^CiA) = u{ei)A = ey(^i)A for alH G {1, . . . , s}. 
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Let B be an algebra and 1b = ei + ■ ■ ■ + e„ a decomposition of the 
identity of B into the sum of pairwise orthogonal primitive idempotents of 
B. We associate to -B a self-injective, locally bounded fc-category B, called 
the repetitive category of B (see [H]). The objects of B are em,i, m G Z, 
i G {1, . . . , n} and the morphism spaces are defined in the following way 

{CjBci, r = m, 

D{eiBej), r = m + l, 
0, otherwise. 

Observe that CjBci = Roms {eiB,ejB), D^eiBcj) = ejD{B)ei and 

B{em,i, Crj) = CjB © D(5ej), 

{r,i)eZx{l,...,n} 

for any m G Z and j G {1, . . . ,n}. We denote by the Nakayama auto- 
morphism of B defined by 

VBi^m,i) = em+i,i, for any (m, z) G Z X {1, . . . , n}. 

An automorphism (f of the fc-category B is said to be: 

• positive if for each pair {m,i) G Z x {1, . . . , n} we have ip{em,i) = Gpj 
for some p > m and j G {1, . . . , n}; 

• rigid if for each pair (m, z) G Z x {1, . . . , n} there exists j G {1, . . . ,n} 
such that V5(em,i) = e^j; 

• strictly positive if is positive but not rigid. 

A group G of automorphisms of B is said to be admissible if G acts freely 
on the set of objects of B and has finitely many orbits. Then we may consider 
the orbit category 13 /G of B with respect to G whose objects are G-orbits 
of objects in B, and the morphism spaces are given by 

{B/G){a,b) = I fy^^ e Yl B{x,y) \\fg(.G,{x,y)eaxb 9fy,x = f9y,gx} 
y (x,y)£axb ) 

for all objects a, b of B/G. Since B/G has finitely many objects and the 
morphism spaces in B/G are finitely generated, we have the associated 
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self-injective artin algebra ^{B /G) which is the direct sum of all morphism 
spaces in B /G, called the orhit algebra of B with respect to G. For example, 
the infinite cyclic group {vg) generated by Vf^ is admissible and B/^ug) is 
the trivial extension B « T){B) of B by T){B). 

We refer to [38] and [ID] for criteria on a self-injective algebra A to be 
an orbit algebra B/G with G an infinite cyclic group generated by an au- 
tomorphism of the form {(fug), with (p a strictly positive automorphism of 
B. 

3 Tubular algebras 

From now on we assume that an automorphism of an algebra B is rigid. Let 
1_B = Ci + ■ ■ ■ + e„ be a decomposition of the identity of B into the sum of 
pairwise orthogonal, primitive idempotents. We say that an automorphism 
ip of B is rigid if p{{ei, e„}) = {ei, . . . , Cn}. 

The aim of this section is to show that for a tubular algebra B and 
a rigid automorphism cp of B, if 5 is not an exceptional algebra and cp 
a distinguished automorphism, then p admits a fixed point, that is for the 
induced, by p, automorphism p of the ordinary quiver Qb of the algebra B, 
there is a vertex e such that p{e) = e. This will be a consequence of Lemma 
13.11 and Proposition 13.41 

Let i? be a tubular algebra which is a tubular branch extension of a con- 
cealed algebra of Euclidean type A„. If p is an automorphism of the ordinary 
quiver Qb of B, then p acts freely on the set of vertices of only if is 
the ordinary quiver of the exceptional tubular algebra Bg^ (see [3T1 Section 
3]). Therefore, we start with the following lemma describing the case of an 
exceptional tubular algebra B^x- 

Lemma 3.1. Let B be a tubular algebra over a field k given by the quiver 




with relations a( = 7z/, a/i = 'joo, a( = f3u and cr/i = x(3ijj, where x G 
k \ {0, 1}. Let p be an automorphism of B. Then p acts freely on vertices 
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of Qb if and only if B is exceptional and (p a distinguished automorphism of 
B. 

Proof. Taking the values of the automorphism ip of B on the above equalities 
we get dvf3u = arafi, def3ri = aua(, bvju = crafi, bcyrj = xcua(, and 
hence the equalities dv = xar, de = au, bv = or and be = xcu. Therefore, 
combining those equalities, we get xaer = dev = auv and cer = bev = xcuv, 
which implies xer = uv, er = xuv, hence x"^ = 1. Because x ^ 0,1, we get 
a contradiction if and only if x ^ —\ and k is not a field of characteristic 2. 
Therefore, ip does not fix a point if x = —1 ^ 1, that is B is the exceptional 
tubular algebra and (p> a distinguished automorphism of B. □ 

Remark 3.2. The above lemma corrects |32l Lemma 3.5]. 

By small Euclidean graphs we under standjie following Euclidean graphs: 
An, Ai2, B^,JC^, BC™, for m = 2, . . . , 5, BD^, C©^, for m = 3, 4, 5, F41, 
F42, G21 and G22 (see [S]). 

Let if be a representation- infinite hereditary artin algebra. Recall that, 
following [29l Section XIV.4], a concealed domain T>V{H) of if is a subquiver 
of the postprojective component V{H) of Th with the following properties: 

(dl) T>V{H) is a finite full translation subquiver of V{H) which is closed 
under the predecessors in V{H), 

(d2) for any multiplicity-free postprojective tilting if-module T = Ti © 
■ ■ ■ © T„, there exists a postprojective tilting module T' = T{ © • ■ ■ © 
such that the if- modules T{,...,T^ are indecomposable, pairwise 
non-isomorphic, lie in W{H), and there is an isomorphism of algebras 

End Th = Endr;^. 

We set VV{H) := {r^''P(a) | r G {l,...,rA} and a G Aq}, where is 
a minimal positive integer such that Hom//(P(a), T^^P{b)) 7^ for all r > ta 
and a,b E Aq. Note, that an integer exists because the postprojective 
component V{H) of a hereditary algebra ii, contains only finitely many 
non-sincere modules. Therefore, in order to compute the Gabriel quivers of 
concealed algebras, it is sufficient to calculate the Gabriel quivers of a tilted 
algebras EndH(f ), for which the tilting module T has all direct summands 
from VV{H). 
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Remark 3.3. Note that for a given hereditary algebra H of Euclidean type, 
different from A„ type, the concealed domain W{H) of H admits a tilting 
module T such that the quiver of B = Endiy(T) has the same underlying 
graph as A and an arbitrary orientation of arrows. Moreover, there is an 
equivalence of categories J^{T) := {Y E modi? | Ext^^(U,D{T)) = 0} in 
mod if, containing VV{H), and X{T) = {X e mod 5 | HomB(X,D(T)) = 
0} in mod i?. 

Proposition 3.4. Let B be a non- exceptional tubular algebra. Then any 
automorphism if G Endfe(i?) fixes a point of Qb. 

Proof. Let C be a tame concealed algebra of Euclidean type A such that B 
is a branch extension of C of tubular type. 

Clearly, for any automorphism ip: B ^ B its restriction to C is an auto- 
morphism of C . Therefore, to prove that if fixes a point in B, it suffices to 
show that the restriction (p \c of (p to C fixes a point. In order to show this, 
we need shapes of ordinary quivers of tame concealed algebras. 

The classification of concealed algebras of Euclidean type A, where A 
is one of Euclidean graphs A„, for n > 2, Bin, for n > A, Kq,Kj,Ks, in 
terms of quivers with relations was given by Bongartz ^ and Happel- Vossieck 
IW^ (see also f2^ Section XIV]). Moreover, a simple inspection of the 
Bongartz-Happel- Vossieck list shows that every automorphism of a concealed 
algebra of Euclidean type, different from A„ type, fixes a point. 

Now, because tubular algebras also arise from tilting modules over canon- 
ical algebras of tubular type, then it follows that the Grothendieck group has 
a small rank (see fjlj Theorem 3.2]). Therefore, we will provide possible 
shapes of ordinary quivers of concealed algebras of Euclidean type of the form 
C = Endij(T), where T is a multiplicity-free tilting module and H is a hered- 
itary algebra, whose ordinary quiver is one of oriented small Euclidean graphs 
(see JE] for realization of such hereditary algebras). 

By Remark \3.3\ we may consider only hereditary algebras whose ordi- 
nary quiver, denoted by A[G), where G is one of small Euclidean graphs, 
is equipped with an orientation of arrows from the right hand side to the 
left hand side. Computation of tilting modules in the concealed domains of 
such hereditary algebras is rather an easy, but tedious, task and was done 
by a computer (see fT7\] ). We list here only the shapes (frames) of ordinary 
quivers of these concealed algebras. In the list of frames below, an unoriented 
arrow may have an arbitrary orientation. 
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1. For a hereditary algebra H whose ordinary quiver is A(B2) (respectively, 

A(An), A(Ai2), A(B3), A(B4), A(iC2), A(iC3), A(BC4), ^{C^), 
A(C3) and A(C4)j we get the frame B2 (respectively, An, A12; B3, B4, 
BC2, BC3, BC4, C2, C3 and Ci). 

2. For a hereditary algebra H whose ordinary quiver is A(BD3) (respec- 
tively, A(CD3) ) we have the following frames: 



{a,b) 
• • 



where {a,b) = (1,2) (respectively, (a, 6) = (2,1)^. 

3. For a hereditary algebra H whose ordinary quiver is A 
tively, CD4^ we have the following frames: 



( respec- 



(1,2) 



/ \ (fe, a) 
• 



Q) \$. 



where (a, 6) = (1,2) (respectively, (a, 6) = (2, 1) 

Jf.. For a hereditary algebra H whose ordinary quiver is A(F4i) (respec- 
tively, A(F42) ) we have the following frames: 



(a,b) 

• • • • 



(a, b) {b, a) 
• f m ► 



^^^^ 



(a, 6) 



(b,a) 
m • 



(6, a) 
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where {a,b) = (1,2) (respectively, {a,b) = (2,1)). 

5. For a hereditary algebra H whose ordinary quiver is A(G2i) (respec- 
tively, A(G22) ) we have the following two frames: 



where (a, 6) = (1,3) (respectively, {a,b) = (3,1)^. 

Now, a simple inspection of the above listed frames shows that every auto- 
morphism of a concealed algebra of Euclidean type A, where A is one of small 



4 Proof of the Theorem 

Let y4 be a self-injective artin algebra of infinite representation type such tliat 
tfie component quiver of A contains no short cycles. Then the Auslander- 
-Reiten quiver of A consists of modules which do not lie on infinite short 
cycles and all components in Ta are generalized standard. In particular, for 
any indecomposable A- module M, we have rad^(M, M) = 0. 

Given a module M in mod A, we denote by [M] the image of M in the 
Grothendieck group Kq{A) of A. Thus [M] = [N] if and only if the modules 
M and have the same composition factors including the multiplicities. We 
also mention that, by a result proved in [26j, every indecomposable module 
M in mod A which does not lie on a short cycle is uniquely determined by 
[M] (up to isomorphism). In addition, recall that, following |36], a family 
C = (Cj)jg/ of components of Ta is said to have common composition factors, 
if, for each pair i and j in /, there are modules Xj G Ci and Xj G Cj with 



(a, 6) 



{a,b) 



ib,a) 



Euclidean graphs, has a fixed point. 



□ 
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[Xi] = [Xj]. Moreover, C is closed under composition factors if, for every 
indecomposable modules M and in mod A with [M] = [N], M & C forces 
N eC. 

We start with proving the following proposition which, for an algebraically 
closed field, was proved by Ringel in [271 (5-2)]. 

Proposition 4.1. Let B be a tubular algebra with the canonical decomposi- 
tion 

= P V To V Y V Too V Q 

qeQ+ 

of the Auslander-Reiten quiver. Then, for any q G U {0, oo}, the family 
Tq of tubes is closed under composition factors. 

Proof. Let M be a B-module from and N be a B-module from , 
p, q E Q+ U {0, oo}. Assume that [M] = [N]. We will show that p = q. 
Assume to the contrary that p < q. Take some s G with p < s < q. 
Since the family of stable tubes = (7^^)a;eXs is infinite, there is x E 
such that 7^^ is a stable tube of rank one. Take the unique mouth module X 
in 7^^. Clearly, X = tbX . We know that the family 7^^ strongly separates 
X = V \l i^gTi^ from y = \l i^gTi^ V , that is, every homomorphism 
f from add A" to add 3^ factors through add 7^^, for every y E Xg- Observe 
that the injective hull Eb{M) of M is in add(7^ V Q) and the projective 
cover Pb{N) of N is in add(P V %). Therefore, HomB(M, 7^^) 7^ and 
HomsiTs^^, N) 7^ 0. Hence, applying fS^ Lemma 3.9] B.omB{M, X) 7^ and 
HomsiX, N) 7^ 0, because Cf^ is of rank one. Next, since separates X 
from y, we have HomB(X, M) = and Homs(A^, X) = 0. Further, since 
[M] = [A^], applying Proposition 4-1] (see also 15]) we have the equalities 

|Homij(X,M)| - |HomB(M,X)| = |HomB(X, M)| - |HomB(M, rsX)] 

= |HomB(X,iV)| - |HomB(iV,rBX)| 
= I Homs (X, X) I - I Homs (X, X) | 

where \V\ is the length of a k-module V. Then HomB(X, M) = and 
HomB(X, X) = lead to a desired contradiction 

> -|HomB(M,X)| = |HomB(X,X)| > 0. 

□ 
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Proposition 4.2. Let A be a basic, connected self-injective algebra of infinite 
representation type such that the component quiver of A contains no short 
cycles. Then the Auslander-Reiten quiver T a of A admits a family C = {C)x(^x 
of quasi-tubes having common composition factors, closed under composition 
factors and consisting of modules which do not lie on infinite short cycles in 
mod A. 

Proof. Because contains no short cycles, then every component in Ta 
is generalized standard. Therefore, since A is of infinite representation type, 
applying [34\ Corollary 4 -4]} conclude that there exists an ideal I in A 
such that A' = A/I is tame concealed. Thus, there exists a family of stable 
tubes = (7'x)x£X in ^A' with common composition factors. In addition, 
(see jlS; Section 2]), there is an infinite family C = {Cx)xex of quasi-tubes 
in Ta such that, for any x G X, 7^ C C^; and the equality holds for almost 
all X G X. Obviously, because is a family of stable tubes in V a' with 
common composition factors, the family C is a family of quasi-tubes with 
common composition factors. We claim that C is closed under composition 
factors. 

Let N be a module in T a and M a module in C = {Cx)x<=:'k- Assume that 
[M] = [N]. We will show that N belongs to C. Let Cy, for some ?/ G X, be 
the quasi-tube in the family C containing M . Let 1^ = e + / be a decompo- 
sition of 1a into a sum of two idempotents such that all direct summands of 
eAj rad(ey4) are isomorphic to the composition factors of modules in C, but 
the module f Aj rad(/A) has no such direct summands. Consider the quo- 
tient algebra B = A/AfA. Then Cy is a component in F^. Moreover, the 
A-module N is also a module over B. 

Since Cy is a generalized standard quasi-tube without external short paths, 
applying 12^ Theorem A], we conclude that B is a quasi-tube enlargement 
of a concealed canonical algebra C and there is a separating family C^ of 
quasi-tubes inTs containing the quasi-tube Cy. In particular, we have a de- 
composition Tb = V V with C^ separating from . 

Therefore, by dual arguments, we may assume that N belongs to . 

From f2E, Theorem C] there is a unique maximal tubular coextension Bi 
of C inside B and a generalized standard family C^^ of coray tubes of 
such that B is obtained from Bi (respectively, C^ is obtained from C^') by 
a sequence of admissible operations of types (adl) and {ad2), using modules 
from C^K Moreover, = . Hence N is also a B'' -module and therefore, 
because B^ is a quotient algebra of B by an ideal AHA for an idempotent h. 
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M is also a B -module. Further, since every component in T Bi is generalized 
standard, we infer from f73| / that Bi is an almost concealed canonical algebra 
of Euclidean or tubular type. 

Assume first that Bi is of Euclidean type. Then, because every module 
from V^' is uniquely determined by its composition factors, N belongs to C^^ 
in T Bi- Thus N is a module from the family C in T^. 

Assume that Bi is of tubular type. Then V^' consists of all indecomposable 
modules which precede the family C^' of coray tubes ofVBi. Hence, applying 
Proposition \4-l\ we conclude that N belongs to C^' . Thus N is a module 
from the family C m F^. 

Summing up, the family consists of quasi-tubes having common compo- 
sition factors, is closed under composition factors and, from our assumptions 
on Tja, consists of modules which do not lie on infinite short cycles. □ 

Recall the following characterization of self-inject ive algebras proved in 
[Tg| Theorem 1.1]. 

Theorem 4.3. Let A be a basic, connected, self-injective artin algebra. The 
following statements are equivalent. 

(i) Ta admits a nonempty family C = {Ci)i^i of quasitubes having common 
composition factors, closed on composition factors, and consisting of 
modules which do not lie on infinite short cycles in mod A. 

(ii) A is isomorphic to an orbit algebra B/G, where B is an almost con- 
cealed canonical algebra and G is an infinite cyclic group of automor- 
phisms of B of one of the forms 

(a) G = {(pu'^), for a strictly positive automorphism ip of B, 

(b) G = (fi^g), for B a tubular algebra and ip a rigid automorphism of 
B, 

(c) G = {(fu"^), for B of Euclidean or wild type and (f a rigid auto- 
morphism of B acting freely on the nonstable tubes of the unique 
separating family of ray tubes ofVB, 

where is the Nakayama automorphism of B. 

It follows now from Lemma 14.21 and Theorem 14.31 that the algebra A is 
of the form i?/(y9z/g), where B is an almost concealed canonical algebra and 
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(f is a positive automorphism of B. Moreover, because contains no short 
cycles, we infer from [13] that B is either a tilted algebra of Euclidean type or 
a tubular algebra. Thus, in order to prove the Theorem, it remains to show 
that is a strictly positive automorphism of B if B is not an exceptional 
tubular algebra. This will be a consequence of Propositions 14.51 and 14. 6[ 

Note that, by [18, Corollary 1.4], A; is a field, and therefore A is 
a finite-dimensional algebra over a field. 

We need the following general result which is a consequence of results 
proved in [1], [9], [10], [2l] and [31]. 

Theorem 4.4. Let B be a quasi-tilted algebra of canonical type, G an admis- 
sible torsion-free group of automorphisms of B, and A = B/G the associated 
orbit algebra. Then the following statements hold. 

(i) G is an infinite cyclic group generated by a strictly positive automor- 
phism ip of B. 

(a) The push-down functor Fx : modi? — ?■ mod A associated to the Galois 
covering F : B ^ B/G = A with Galois group G is dense. 

(Hi) The Auslander-Reiten quiver Ta of A is isomorphic to the orbit quiver 
Fg/G of the Auslander-Reiten quiver of B with respect to the in- 
duced action of G on Tj^. 

Proposition 4.5. Let B be a non- exceptional tubular algebra, G an infinite 
cyclic admissible group of automorphisms of B, and A = B/G. Then the 
following statements are equivalent: 

(i) The component quiver of A has no short cycles. 

(a) G = (v^z^^), where ip is a strictly positive automorphism of B. 

Proof. R follows from the results established in /IT] /. IT^ . J24^ and 131^ (see 
also and [TW ) that the Auslander-Reiten quiver Tg of B has a decompo- 
sition 

r5= V^f = V VC 

qeQ qeQxeXq 

such that 

(1) For each q E Z, is an infinite family C^^j ^ ^ ^/ quasi-tubes 
containing at least one projective module. 
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(2) For each q E Q\Z, is an infinite family C^^, x G X,, of stable tubes. 

(3) For each g G Q, is a family of pairwise orthogonal generalized stan- 
dard quasi-tubes with common composition factors, closed under com- 
position factors, and consisting of modules which do not lie on infinite 
short cycles in mod-B. 

(4) There is a positive integer m such that 3 < m < ikKo^B) and v^iCf) = 



BK^q 

fnr nni, n C (d) 

q+m 



C^+m for any q G 



(5) Hom5(Cf , ) = for all q > r in Q. 

(6) Hom^(C^,C^) = for all r > q + m in Q. 

(7) For q eQ, we have Homg(C^, C^^) ^ if and only ifqeZ. 

(8) Forp<qinq with Hom^(C^,Cf) ^ 0, we have YLom^{C^ ,Cf) ^ 

^B (^r ' ^q 



and Homfi(C^, C^) ^ for any r G Q with p < r < q. 



(9) For all p E Q\Z and all q E Q with Homg(C^,C^) ^ 0, we have 



}iom§{C^^^,Cq,y) ^ for all x EXp andy E X,. 



(10) For all p E Q and all q E Q \ Z with Hom^(C^,C^) ^ 0, we have 
Homjj(Cj^^, Cg y) 7^ for all x EXp and y EXq. 

We know also from Theorem\4.4\ (i) that G is generated by a strictly positive 



automorphism g of B. Consider the canonical Galois covering F : B 
B/G = A and the associated push-down functor Fx : modi? — )■ mod A. 
Since Fx is dense, we obtain natural isomorphisms of k-modules 

0Hom5(X,fY) ^ }iomA{Fx{X),Fx{Y)), 

0Hom5(^'x,r) ^ RomA{Fx{X),Fx{Y)), 

for all indecomposable modules X and Y in modi?. 

We first show that {ii) implies (i). Assume that g = (fu"^ for some 

strictly positive automorphism (p of B. Then it follows from (4) that there 
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is a positive integer I > 2m such that g{C^) = C^_^i for any q E Q. Since 
g = (fiy"^ = ((piyg)^^ with (pug a strictly positive automorphism of B , in- 
voking the knowledge of the supports of indecomposable modules in mod B 
(see [24^, Section 3]), we conclude that the images Fx{S) and Fx(T) of any 
non-isomorphic simple B-modules S and T which occur as composition fac- 
tors of modules in a fixed family are non-isomorphic simple A-modules. 
Therefore, it follows from Theorem \4.4\ md properties (l)-(4), that, for each 



q e Q, Cf = Fx{C^) = (C^^J.ex,, where Cf^, = Fx{C^^,), x E X„ %s an mfi- 
nite family of quasi-tubes o/F^ with common composition factors and closed 
under composition factors. Take now p e Q. We claim that C^^^, for any 
X G Xp, is a quasi-tube without external short paths in mod A. Observe first 
that, for two indecomposable modules M and N in , we have M = Fx{X) 

and L = Fx{Y), for some indecomposable modules X and Y in , and Fx 
induces an isomorphism of k -modules Hom^(M, A^) — )■ B.omg{X,Y) , by (5), 
(6) and the inequalities q + I > q + 2m > q + m. Suppose now that there 
is an external short path M ^ L ^ N in mod A with M and N in C^^, 
for some x G Xp, and L not in C^^.. Observe that L is not in because 
by (3) different quasi-tubes in are orthogonal. Therefore, M = Fx{X), 

N = Fx(Y) for some X and Y in and L = Fx{Z) for some Z in with 
r > p. We have an isomorphism of k-modules, induced by Fx, 



RomA{M,L) ^ 0Hom^(X/"Z). 

Since Homyi(M, L) 7^ 0, we may choose, invoking (5), a minimal r > p and 
Z G such that L = Fx{Z) and Hom^(X, Z) 7^ 0. Since X lies in , 
applying (6) and (7), we infer that p < r < p + m. Further, we have also an 
isomorphism of k-modules, induced by Fx, 

YiomA{L,N) ^ 0Hom5(Z/Y). 

Observe that, for each i G Z, ^'Y is an indecomposable module from C^j^^, 
and clearly with Fxi'^'Y) = Fx{Y) = N.^ Since HomA(L,iV) 0, L = 
Fx{Z) for Z E with r > p, and Y E , applying (5), we conclude that 
Hom^(Z, 7^ 0, for some i>l. But then p + li > p + l > p + 2m > r + m, 
because r < p + m, and we obtain a contradiction with (6). 
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Summing up, we have proved that all quasi-tubes in Ta are generalized 
standard and consists of modules which do not lie on external short paths in 
mod A. Thus, the component quiver T^a of A has no short cycles. Therefore, 
{ii) implies {i). 

We will show now that that {%) implies {ii). Assume that the component 



quiver Ha has no short cycles. Then, by Lemma \4-S\ T a admits a family 
C = {Cx)xex of quasi-tubes with common composition factors, closed under 
composition factors and consisting of modules which do not lie on infinite 
short cycles in mod A. We know from the property (3) that, for each q G 
Q, = F\{C^) is a family = FxiC^^^), x G X,, of quasi-tubes with 
common composition factors. Moreover, the push-down functor Fx induces 
an isomorphism of translation quivers ^§/G ^ Ta (see Theorem |^./^| ), and 
hence every component o/F^ is a quasi-tube of the form C^.^ = FxiC^^^) for 
some q & Q andx G X^. Then, since the family C is closed under composition 
factors, we conclude that there is r E Q such that C contains all quasi-tubes 
C^^, X G Xr, of C^. This forces, by [IS, Proposition 6.4], g to be of the 
form g = Lpv"^ for some positive automorphism (p of B. Suppose that Lp is 



a rigid automorphism of B. Then, from Proposition 3.4 • we know that the 
restriction of (f to B fixes an indecomposable projective module, that is there 
is an indecomposable projective module P such that (f{P) = P. Thus, let 
Cp,x, for some p G Z and x G Xp, be the quasi-tube, in Tg, containing P. 
Without loss of generality, we may assume that p = 0. We have a short cycle 

of modules in modi? of the form p I y ^b^P) ^ ^ '^^(-P) ' where f 

and g are the following compositions of homomorphisms 

P ^ top(P) ^ soc{ug{P)) ^ Ug{P), 

and 

ugiP) ^ top(z/^(P)) ^ soc(4(P)) ^ 4(P). 
Consequently, we obtain a short cycle 

,x) ^ Fx{Cm,y) ^ Fx{Cq^^ 

inT^A, because TSidA {Fx{Co^x) , Fx{Cm,y)) 7^ andmd'^{Fx{Cm,y), Fx{C2m,x)) = 
YSidA{Fx{Cm,y),Fx{Co^x)) 7^ 0, where i^§{P) G Cm,f,, for some y G X^, what 
contradicts (i). □ 
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Proposition 4.6. Let B be a tilted algebra of Euclidean type, G an infinite 
cyclic admissible group of automorphisms of B, and A = B/G. Then the 
following statements are equivalent: 

(i) The component quiver of A has no short cycle, 
(a) G = i^jyg), for a strictly positive automorphism (p of B. 

Proof. It follows from fJ]/, and l31f that the Auslander-Reiten quiver 
of B has a decomposition 

such that 

(1 ) For each q e Z, is an acyclic component of Euclidean type. 

(2) For each q & Z, is a family C^^, x G X^, of pairwise orthogonal 
generalized standard quasi-tubes with common composition factors, closed 
under composition factors, and consisting of modules which do not lie on 
infinite short cycles in modi?. 

(3) For each q E Z, we have Vj^{C^) = '^'^^ ^b^'^q) ~ 

(4) For each q e Z, we have Romg{X^, Cq V \l r<q{Cf V x!^)) = and 
Hom^(Cf,V.<,(Cf VA',^))=0. 

(5) For each q e Z, we have Romg{C^ , X^_^^ V Vr>9+2(C V X^^)) = and 

(6) For q E Z and x,y E Xg, we have Homjj(C^^., C^2,i/) 7^ ^/ ^'^^ ^^^^2/ ^/ 
the quasi-tube C^^. is non-stable and i^§{C^y) = C^2,x- 

(7) For all q E Z and x,y E Xg, we have Homg(C^^, 7^ 0. 

(8) Each each r E Z, Xr contains at least one projective module. 
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We know also from Theorem \4.4\ that G is generated by a strictly posi- 



tive jiutomorphism g of B. Hence there exists a positive integer I such that 
g{Cq) = Cg^i and g{X^) = for any q E Z. Consider the canonical 
Galois covering F : B ^ B/G = A and the associated push-down functor 
Fx : mod-B — )■ mod A. Since F\ is dense, we obtain natural isomorphisms of 
k-modules 

0Hom5(X,^Y) ^ HomA(F,(X),F,(y)), 
iez 

0Hom5(^%r) ^ Hom^(FA(X),F,(r)), 

for all indecomposable modules X and Y in modi?. 

We show first that {i) =^ {ii). Assume that the component quiver Ha 
has no short cycles. Then, by Lemma \4^ Ta admits a family C = (Ca)agx 
of quasi-tubes with common composition factors, closed under composition 
factors and consisting of modules which do not lie on infinite short cycles 
in mod A. Then it follows from 118, Proposition 6.5] that g = (pUg for 

some positive automorphism (p of B. We claim that (p is a strictly positive 
automorphism of B. 

Assume that (p is a rigid automorphism of B. Take q = and, invoking 
(8), some projective-injective module P in Xq. Let f and g be the following 
compositions of homomorphisms 

P ^ top(P) ^ soc(z/5(P)) ^ Ug{P) 

and 

ugiP) ^ topiu^iP)) ^ soc(4(P)) ^ 4(P), 
respectively. Then we have a short path of indecomposable modules 

P usiP) uUP) 



in modP, where, by (3), P G Xq, i^§{P) G ^2 and ^ ^4- Thus, 

it follows, from Theorem \4.4\ that we have a short path of indecompos- 
able modules Fx{P) — )■ Fx{vj^{P)) — )■ Fx{i''^{P)) in mod A. Because ip is 

a rigid automorphism of B we conclude that Fx{P) and Fx{y'i^{P)) belong 
to the same component Fx{Xq). Obviously, rad a {Fx{P) , Fx{i'§{P)) ^ and 
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rad^(Fx(z/|j(P), Fa(z/^(P)) 7^ 0. Therefore, the component quiver 



con- 



tains a short cycle Fx{Xq) — )■ Fx{X2) — )■ Fx{Xq), and we get a contradiction. 
This finishes the proof that (i) implies {ii). 

Assume now that {ii) holds. In particular, we have g = (pu^ for a strictly 
positive automorphism (f of B. Then it follows from (3) that there is a positive 
integer I > 4 such that g{C^) = C^j^i and g{X^) = for any g G Z. By 



(2) and Theorem 4-4 • order to show that has no short cycles, we must 
show, that every component in Ta is generalized standard and has no external 
short paths. From property (2) and Theorem 3] every component in Ta 
is generalized standard. Assume that there is a component C in Ta and an 
external short path M ^ N ^ L with M and L in C but N not in C. By 
Theorem 4-4\ there are indecomposable modules X, Y and Z in mod B such 
that M = Fx{X), N = FxiY) and L = Fx{Z). Moreover, X belongs to Cp^^, 
for some p G Z and x G Xp, or X belongs to Xp, for some p G Z. Then 
C = FxiCp^x) or C = Fx{Xp). Without loss of generality, we may assume that 
p = 0. Therefore, we have two cases to consider. 

Assume that X G Co,x- We have an isomorphism of k-modules, induced 
by Fx, 

}iomA{M,N) ^ 0Hom5(X,^'Y). 

Since Hom^(M, A^) 7^ 0, invoking (5), we conclude that Y belongs to 

A'o V Ci V V C2. 
We have also an isomorphism of k-modules 

Hom^(Ar,L) ^ 0Hom5(F,3'z). 

Again, since HomA(iV, L) 7^ 0, we conclude from (5) that Z belongs to 

A'z V C2 V A's V C3 V ^"4 V C4. 

On the other hand, by the property (4) and our assumption on (p, we have 
that Z G Ci^x, for some I > 4, a contradiction. 

Assume that X G Aq. We have an isomorphism of k-modules, induced by 

Fx, 

RomA{M,N) ^ 0Hom^(X,fY). 
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Since Hom^(M, N) ^ 0, invoking (5), we infer that Y belongs to 

We have also an isomorphism of k-modules, 

Hom^(Ar,L) ^ 0Homg(F/'Z). 

Again, since Hom^(A'", L) ^ 0, we conclude from (5) t/iat Z belongs to 

A'l V A'2 V A'a V A'4. 

On t/ie other hand, by the property (4) and our assumption on ip, we obtain 
that Z & Xi, for some I > A, a contradiction. □ 
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